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Abstract

We present numerical calculations of the generation, growth and impingement of a thermal plume in a two-

dimensional buoyancy induced flow. Numerical values are obtained for the aspect ratios H=W ¼ 1=4, 3/8, 1/2, the
Grashof numbers Gr ¼ 104, 105, and the Prandtl number Pr ¼ 170. Impingement heat transfer on the upper wall is

evaluated at various times. Numerical results show that before a thermal plume impinges on the upper heated wall, the

thermal conduction layer, which is the stable stratification, near the upper wall becomes thinner and the local heat

transfer peaks. The local Nusselt number approaches the steady condition after the impingement of a thermal plume.

Additionally, under certain conditions the stream function takes a symmetrical form of two ellipses.

� 2003 Elsevier Science Ltd. All rights reserved.
1. Introduction

The heat transfer of the buoyancy-induced flow was

performed in a half-infinite space or in a restricted space

such as an enclosure. In the case of a half-infinite space,

Pera and Gebhart [1] observed the basic behavior of a

thermal plume from a point or line source, analyzed it

using the stability theory, and presented the instability

by non-symmetry. Gebhart et al. [2] optically measured

the interaction of two thermal plumes for various plume

intensities and pitches of two heat sources. They recog-

nized the effects of the heat source and environmental

wall in an unsteady flow. Nakagomi and Hirata [3] ex-

amined the diffusing mechanism of flow turbulence in a

two-dimensional form and presented the effects of non-

uniformity and the temperature gradient of a thermal

plume in the flow direction. Recently, some environ-

mental problems have emerged, for example, diffusions

of warm exhausting water and smoke into the atmo-
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sphere or heat islands in cities. Noto [4] and Noto and

Okamoto [5] measured the fluctuating phenomenon of a

thermal plume from a line source in a wide space by the

smoke wire method, and analyzed the fluctuating spec-

trum of fluid temperature. They showed that the fre-

quency of the fluctuation was proportional to one third

power of supplied heat. In the case of a restricted space,

Lai et al. [6] presented the attenuation effect of a wall

in their analysis and experiment on the behavior of a

thermal plume induced by the weak buoyancy along a

vertical plate. Audunson and Gebhart [7] analyzed

the secondary flow along a vertical plate and concluded

that non-linearity was the critical determinant between

stable and unstable states. Reimann [8] described the

effects of the distance and the attitude from a heat source

to a thermal plume on temperature distribution and heat

flow rate. Sparrow and Shamsundar [9] reported that the

behavior of a thermal plume in a melted liquid between

a heated wall and a solid wall depended on the Rayleigh

number based on layer thickness as a characteristic

length. Heya et al. [10] numerically analyzed the char-

acteristics of a natural convective heat transfer in

a partitioned enclosure. Akino et al. [11] visualized

the local behavior in a vertical circular tube with

heated upper wall and cold bottom wall by way of a
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Nomenclature

a thermal diffusivity of fluid

b width of heated section

Gr Grashof number [¼ gbh3ðTH � TiÞ=m2]
h height of an enclosure

H dimensionless height¼ h=h ¼ 1

Nu Nusselt number (¼ ah=k ¼ C=HIE)

Pr Prandtl number (¼ m=a)
q heat flux

Ra Rayleigh number (¼Gr � Pr)
T temperature

TH heated wall temperature

Ti initial fluid temperature

t time from start of heating

x, y coordinate in Fig. 1

X , Y dimensionless coordinate (¼ x=h, y=h)
u, v velocity along x, y

U , V dimensionless velocity along X , Y (¼ uh=m,
vh=m)

w width of an enclosure

W dimensionless width of an enclosure ¼w=h
a local heat transfer coefficient

b expansion coefficient

H dimensionless temperature [¼ðT � TiÞ=
ðTH � TiÞ]

k thermal conductivity

m kinematic viscosity

q density

s dimensionless time (¼ tm=h2)
w stream function

W dimensionless stream function (¼w=m)
x vorticity

X dimensionless vorticity (¼xh2=m)

Fig. 1. Schematic diagram of two-dimensional domain.
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thermosensitive liquid crystal suspension and made a

model based on the behavior of a thermal plume and a

thermal boundary layer. Goldstein and Volino [12]

measured the onset of natural convection, the develop-

ment and breakdown of the thermal conduction layer on

a horizontal surface. Perterson and Bayazitoglu [13]

examined the flow conditions in two types of transition

occuring in the jet from nozzle to fully developed and

from momentum to buoyancy dominated flow. Bastia-

ans et al. [14] studied experimentally natural convection

flow of water induced by a small prismatic heat sources

in a confined space. They found that in the transition

region from laminar flow to turbulent flow, the inter-

scale kinetic energy transfer possesses a relative large

scale standard deviation. Barozzi and Callticelli [15]

predicted numerically buoyancy induced circulation in a

two-dimensional closed cavity with internal heat sour-

ces. They presented the stability limit for laminar flow.

However, we have not found the impingement heat

transfer characteristics of the buoyancy induced flow on

the upper wall.

There are various problems involved in research of

a thermal plume, as described above. We have not

found an analysis of the unsteady heat flow of the

buoyancy-induced jet of a thermal plume to an upper

wall. The present study describes the numerical analysis

of a two-dimensional unsteady heat transfer for the

impingement of a thermal plume from a heat source on

the bottom wall to the upper wall in an enclosure. In

our analysis, we achieved results that contribute to

the heat removal to an opposite plate or wall in a

comparatively narrow space, namely, a compact heat

exchanger, a heat-saving bath, or a room with floor

heating.
2. Numerical analysis

Fig. 1 shows a two-dimensional space, whose height

is h, width w, and the gravity works in the negative di-

rection of x. The width b at the center of the horizontal

wall is heated at a constant temperature TH. An upper

wall, on which a thermal plume impinges, is heated

uniformly. The other walls are insulated thermally. Ini-

tial fluid temperature is Ti. The working fluid is New-

tonian and incompressible. The physical properties are

constant except for density. Boussinesq approximation

is applied in the buoyancy term and thermal radiation is

neglected.

Governing equations are arranged in dimensionless

form introducing stream function w and vorticity x. The

followings are dimensionless definitions for the velocity

components, length, time, vorticity, stream function,

temperature, Grashof number and Prandtl number:
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U ¼ uh
m

V ¼ vh
m

X ¼ x
h

Y ¼ y
h

s ¼ tm
h2

X ¼ xh2

m
W ¼ w

m
H ¼ ðT � TiÞ

ðTH � TiÞ

Gr ¼ gbh3ðTH � TiÞ
m2

Pr ¼ m
a

ð1Þ

Dimensionless governing equations, initial conditions

and boundary conditions are as follows:

Equations for fluid flow,

o2W
oY 2

þ o2W
oX 2

¼ �X ð2Þ

oX
os

þ oW
oY

oX
oX

�
� oW

oX
oX
oY

�

¼ o2X
oY 2

�
þ o2X
oX 2

�
� Gr
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ð3Þ

Equation for energy,

oH
os

þ oW
oY

oH
oX

�
� oW

oX
oH
oY

�
¼ 1

Pr
o2H
oY 2

�
þ o2H

oX 2

�
ð4Þ

Dimensionless initial conditions are:

At s ¼ 0; W ¼ X ¼ H ¼ 0: ð5Þ

Dimensionless boundary conditions are:

At s > 0;

W ¼ 0; oH=oX ¼ 0 at X ¼ 0; 05Y 5Y1; Y25Y 5W

W ¼ 0; H ¼ 1 at X ¼ 0; Y15Y 5Y2
W ¼ 0; oH=oY ¼ 0 at 05X 51; Y ¼ 0; Y ¼ W

W ¼ 0; oH=oX ¼ C at X ¼ 1; 05Y 5W

ð6Þ

where Y1 and Y2 denote the respective position of the left

and right edge in the region with high temperature on

the bottom wall. The system, is geometrically symmet-

rical. However, the computation was performed in the

whole area because an unstable phenomenon is revealed.

The constant number C is the heat flux coefficient on the

upper wall defined as qh=fkðTH � TiÞg and includes an

enclosure height h. Therefore, in the present computa-

tion C was varied by the aspect ratio. Heat transfer on

the upper wall, where a thermal plume impinged, was

evaluated by the local Nusselt number Nu defined as

follows:

Nu ¼ ah
k

¼ C
HIE

ð7Þ

where HIE is the dimensionless local temperature on the

upper wall.

In numerical calculation, the alternating direction

implicit (ADI) method was applied in the analysis of the

dimensionless temperature H and vorticity X and the

successive over-relaxation (SOR) method was used for
the dimensionless stream function W. Numerical accu-

racy of the calculation procedure was examined by

conducting sensitivity tests and making comparisons

with accepted results for natural convection. The sensi-

tivity tests involved varying the spacings of the nodes

and convergence criteria. The effect of the mesh size was

evaluated previously for four sizes (DX , DY ¼ 0:05,
0.025, 0.01 and 0.005). There was no clear difference

in dimensionless temperature and vorticity for (DX ,
DY ¼ 0:01 and 0.005). Therefore, the grid size (DX ,
DY ¼ 0:01) was determined. Ten meshes near the wall

and twenty meshes near the heated section are half the

size of the grid described above. The maximum number

of the mesh was 20,000 grids. Central-difference and

forward-difference expressions were utilized on the de-

rivative with respect to X and Y and with respect to time

s, respectively. The two-step progress method was ap-

plied in the time step to stabilize the numerical solution,

namely, the time step progress from n to (nþ 1=2) and
from (nþ 1=2) to (nþ 1). The dimensionless time step

Ds ranges from 10�3 to 2.8	 10�6 depending on the

numerical conditions. The criteria for convergence were

employed for the maximum absolute difference,

jWmþ1 � Wmj55	 10�3. In addition, the heat transfer of

natural convection on L-type heated surface was pre-

dicted by the same numerical procedure and the results

agreed fairly well with experimental results [16].

Numerical conditions are as follows: aspect ratio

H=W ¼ 1=4, 3/8, 1/2, Grashof number Gr ¼ 104, 105

(partly, 103), constant number C ¼ 0:05 for H=W ¼ 1=4,
0.075 for H=W ¼ 3=8, 0.1 for H=W ¼ 1=2, dimension-

less heated wall width b=h ¼ 0:2 for H=W ¼ 1=4, 0.13
for H=W ¼ 3=8, and 0.1 for W =H ¼ 1=2. The working

fluid is silicone oil, whose Prandtl number is 170, used

for flow visualization by thermosensitive liquid crystal

suspension.
3. Visualization by thermosensitive liquid crystal suspen-

sion

Visualization of a thermal plume corresponding to

the numerical estimation was carried out by thermo-

sensitive liquid crystal suspensions. The enclosure is 200-

mm wide, 75-mm high and 100-mm breadth and the

heated section is 10-mm wide at the center of the bottom

wall. A weighted quantity of a liquid crystal powder 0.2

g/l was mixed into a solvent silicone oil to form a sus-

pension. The powder particle size was about 50 lm. The

powder floated in the solvent for several hours because

the density was almost the same. The temperatures and

flow were visualized simultaneously. The side walls of

the enclosure were made of transparent acrylic plates.

The upper wall was composed of stainless steel foil

(20-lm thick), a thermosensitive liquid crystal sheet,

and a transparent acrylic plate (10-mm thick) and
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the temperature was visualized when a thermal plume

impinged upon the upper wall. Thermosensitive liquid

crystal is not appropriate for the measurement of rapid

phenomena because its response is not clear. However,

it is useful for temperature measurement in an almost

steady state or slow phenomena. In the present experi-

ment, the appropriate temperature range of the thermo-

sensitive liquid crystal used is from 25 to 30 �C for

suspension and from 28 to 35 �C for a sheet on the upper

wall.
4. Results and discussion

4.1. Transient behavior of a thermal plume

Figs. 2 and 3 present the transient change of dimen-

sionless temperature H and dimensionless stream func-

tion W for H=W ¼ 3=8 and Gr ¼ 104 in the behavior of

a thermal plume in an enclosure. At initial heating, a

thermal conduction layer, which is a stable stratification,

is generated on a horizontal surface, and a protuberance

induced by buoyancy force also appears at the center for
Fig. 2. Dimensionless temperature distribution H (H=W ¼ 3=8, G
2:666	 10�1, (d) s ¼ 3:200	 10�1, (e) s ¼ 3:733	 10�1, (f) s ¼ 4:795
Rayleigh number Rad ¼ 103 based on layer thickness d as

a characteristic length [17]. A thermal plume rises with a

convex shape [Fig. 2(b) and (c)]. At s ¼ 3:2	 10�1 [Fig.

2(d)], a closed high-temperature region is separated, and

a new high-temperature region is generated. The thermal

conduction layer near the upper wall is pushed up as a

thermal plume approaches the upper wall. At s ¼
3:733	 10�1 [Fig. 2(e)], a thermal plume invades the

thermal conduction layer and after the fluid, whose

temperature is lower than the upper wall temperature,

first impinges upon the upper wall, a higher temperature

thermal plume follows. The shape of the higher-tem-

perature plume is semi-circular [Fig. 2(d)] and flat. The

shape affects the pushing effect of the thermal boundary

layer. Fluid temperatures around the upper wall increase,

and the high-temperature region extends to both side

walls. The next thermal plume does not clearly affect the

upper wall as the first plume does because the tempera-

ture near the upper wall becomes high. Fig. 3(a)–(f)

shows the transient dimensionless stream functions

around a thermal plume. The symmetrical recirculated

flows are generated with the growth of thermal plumes

and the center of the plume moves up and down or left
r ¼ 104). (a) s ¼ 1:598	 10�1, (b) s ¼ 2:133	 10�1, (c) s ¼
	 10�1.



Fig. 3. Dimensionless stream function W (H=W ¼ 3=8, Gr ¼ 104). (a) s ¼ 1:598	 10�1, (b) s ¼ 2:133	 10�1, (c) s ¼ 2:666	 10�1,

(d) s ¼ 3:200	 10�1, (e) s ¼ 3:733	 10�1, (f) s ¼ 4:795	 10�1.
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and right. Being close to the heated section, the shape of

the iso-stream function is initially elliptic and convex to

the outside. The center of the egg-like shapes moves to

X ¼ 0:5 at s ¼ 3:2	 10�1 and denotes a decrease in ris-

ing velocity. At s ¼ 3:733	 10�1, because a thermal

plume approaches the upper wall, the shape of the stream

function is elliptic and convex to the inside. The center

moves to X ¼ 0:6, and does not rise after that.
Fig. 4. Thermal plume (Gr ¼ 105, H=W ¼ 3=8, s ¼ 8	 10�2). (a) Dim
At s ¼ 8	 10�2 for Gr ¼ 105 [Fig. 4(a)], the thermal

plume rises up to X ¼ 0:65, and the rising velocity isffiffiffiffiffi
10

p
times higher than that of Gr ¼ 104. The shape of

the isothermal lines is upwardly and downwardly con-

vex. It affects the pushing effect of a thermal conduction

layer on the upper wall and the local heat transfer

characteristics on the upper wall. The center of a di-

mensionless stream function [Fig. 4(b)] approaches the
ensionless temperature H. (b) Dimensionless stream function W.



3526 K. Ichimiya, T. Abe / International Journal of Heat and Mass Transfer 46 (2003) 3521–3528
upper wall in the shape of an elliptic convexity to the left

and right sides.

4.2. Heat transfer on the upper wall

Fig. 5(a) and (b) shows the local Nusselt number on

the upper wall at the impingement of thermal plumes as

a parameter of dimensionless time. The abscissa is the

horizontal distance Y , and the ordinate is the local

Nusselt number. At s ¼ 3:600	 10�1 in Fig. 5(a) which

corresponds to Figs. 2 and 3, Nu peaks at the center. As

shown in Fig. 2(e), the low temperature layer pushed by

the plume impinges upon the upper wall, which is cooled

instantaneously. That is why the heat transfer is higher

than its surroundings. In the next step, the high-tem-

perature layer impinges, and the local heat transfer takes

a minimum value. The high-temperature region expands

in the Y direction. This expansion represents the size

of thermal plumes. When the upper wall temperature

approaches TH, the dimensionless temperature HIE be-

comes 1. As a result, Nu approaches the dimensionless

heat flux C. For Gr ¼ 105, four peaks of Nu appear at

s ¼ 1:066	 10�1 and two peaks at s ¼ 1:322	 10�1.

This depends on the pushing effect of the low tempera-

ture thermal conduction layer due to the shape change in

the thermal plume, as shown in Fig. 4(a). Particularly at

s ¼ 1:066	 10�1, the distribution of Nusselt number is

asymmetrical for the center of heated plate. This peak is
Fig. 5. Local Nusselt number (H=W ¼

Fig. 6. Color distribution (H=W ¼ 3=8, Gr;105, s;10). (a)
instantaneously two orders higher than the local Nusselt

number around it. For comparatively high Grashof

numbers, the local Nusselt number may become unsta-

ble and be asymmetrical at a large temperature differ-

ence between the initial plume and the surrounding fluid.

The instability may be generated because the Grashof

number Gr ¼ 105 corresponds to the Rayleigh number

Ra ¼ 1:7	 107. However, this asymmetry may be an

error in the numerical computation. In order to deter-

mine whether or not this is an error, the computation

was performed again for a half-size grid near the im-

pingement surface with many iterations. As the result,

there was no remarkable difference in the numerical re-

sults and such an asymmetry was generated. Therefore,

this asymmetry appears as an unstable phenomenon.

For H=W ¼ 3=8 and Gr ¼ 105, the color distributions of

the thermosensitive liquid crystal suspension and of the

sheet on the upper wall at the impingement of the

thermal plume at s;10 are presented in Fig. 6(a) and

(b), respectively. Fig. 6(a) shows simultaneously the

temperature and flow visualization. Color yellow–green

means relatively lower temperature to color blue. Ac-

cording to Fig. 6(a), the rising flow in the central section

and the recirculated flow to both sides can be seen. On

the other hand, according to the color distribution on

the upper wall [Fig. 6(b)], a thermal plume impinges

with a stripe-like pattern along the breadth. This shows

the three-dimensionality of the phenomenon and we
3=8). (a) Gr ¼ 104, (b) Gr ¼ 105.

Thermal plume. (b) Color distribution on upper wall.



Fig. 7. Impingement model of thermal plume. (a) Semi-circular type, (b) Uneven type.

Fig. 8. Local Nusselt number Nu (Gr ¼ 105). (a) H=W ¼ 1=4, (b) H=W ¼ 1=2.

Fig. 9. Transient variation of minimumNusselt number Numin

(H=W ¼ 3=8).
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believe that it should be studied in detail. The experi-

mental values of Nusselt numbers on the upper wall are

presented by the symbol � in Fig. 5(b). The side walls

are assumed to be insulated thermally in our numerical

calculation, but the insulation was not perfect in the

experiment. Therefore, there is some difference between

the experimental and numerical values due to a heat loss

by thermal conduction. Consequently, the characteris-

tics of the local Nusselt number distributions were di-

vided into three, namely, the protrusive distribution with

one or several peaks, the hollow one with the minimum

and the flat one. These transient change depends on the

Grashof number Gr and the aspect ratio H=W .

Fig. 7(a) and (b) shows a model of the thermal plume

at its impingement. At low Gr number and high H=W , a

single peak of the Nusselt number can be found in a

shape with a semi-circular top [Fig. 7(a)]. The stabilized

thermal conduction layer affects the shape. On the other

hand, at high Gr number and low H=W , an uneven

shape of a thermal plume is a cause of several peaks of

the Nusselt number [Fig. 7(b)].

Fig. 8(a) and (b) shows the effect of aspect ratio H=W
on the local Nusselt number. In the case of H=W ¼ 1=4
[Fig. 8(a)], the heat does not diffuse much into the sur-

roundings until a high-temperature plume approaches

the upper wall. This is due to the fact that the height

of the vessel becomes relatively lower than that of

H=W ¼ 3=8. The maximum and minimum values of

Nusselt number appear clearly because of the high

temperature gradient at the upper wall, and the distri-

bution at s ¼ 0:12 is asymmetrical. After that, two peaks
are found symmetrically at the center of the heated

section. On the other hand, for H=W ¼ 1=2 [Fig. 8(b)],

the approaching velocity of a thermal plume to the

upper wall decreases, and thermal diffusion increases

because the height becomes relatively greater than

H=W ¼ 3=8. Therefore, the local Nusselt number does

not change remarkably along the width or with time.

The minimum Nusselt number Numin for

H=W ¼ 3=8 is presented in Fig. 9 as a parameter of Gr.
In the case of Gr ¼ 103, after a thermal plume impinges

on the upper wall, Nu decreases rapidly with the gener-

ation of a high temperature layer ranging from s ¼ 0:1



Fig. 10. Relationship between Numin and Gr.
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to 0.15 and then stabilizes. In the case of Gr ¼ 103, Nu
moves to a stable region via two steps, namely, the

generation of a high-temperature layer due to the im-

pingement of the first thermal plume and the impinge-

ment of the next thermal plume upon the thin layer after

the diffusion.

Fig. 10 shows the relationship between Numin and

Gr in a stable region at s ¼ 10. The abscissa is Gr and

the ordinate Numin. Fig. 10 denotes that Numin de-

pends on Gr�0:2 for each H=W . Clifton and Chapman

[18] numerically examined the heat transfer for the case

in which fluid impinges on a cold plate facing upwards,

and they obtained the relationship Nu 
 Gr1=5. These

indicate that even if the plate is heated or cooled, in the

impingement heat transfer by buoyancy-induced flow,

Nu depends on the absolute index 1/5 of Gr.
5. Conclusions

In a rectangular enclosure heated locally, the growth,

separation, rise and impingement process of a thermal

plume were analyzed numerically in an unsteady con-

dition, and the impingement heat transfer on the upper

wall was evaluated. A thermal plume composes of a high

temperature layer depending on Grashof number Gr,
pushes up the low temperature thermal conduction layer

around the upper wall and impinges upon the upper

wall. Therefore, the local Nusselt number produces a

complicated distribution with peaks or minimums de-

pending on the shape of the top of a thermal plume and

moves to a stable region in the direction of the width.

The impingement model of a thermal plume is classified

into a semi-circular type and an uneven type. The min-

imum Nusselt number Numin in a stable region depends

on Gr�0:2.
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